Recent years have seen considerable, progress in the development of semiclassical methods for describing the dynamics of molecular systems. 1 2 Most attention has focused on molecular collision processes, '
both elastic and inelastic-reactive scattering of atoms and molecules, but there has also been interest in developing semiclassical methods for determining discrete eigenvalues (i.e., energy levels) of bound molecular systems. It is this latter topic with which the pres,ent paper is concerned.
The Bohr-Sommerfeld quantum condition, 3
(n + -!>1T is the semiclassical solution to the eigenvalue problem for onedimensional potential wells V(x); it is a well-known result and (1.1) immensely useful in many areas of chemistry and molecular physics.
What one desires is the generalization of this result to multi-. dimensional, non-separable potential functions. Einstein 4 was the first to make significant progress in obtaining a semiclassical quantum condition for non-separable multidimensional systems, and Born's 5 book describes the height to which the "Old Quantum Theory" had evolved by 1924, just before the advent of quantum mechanics. 6-13 More recently a number of workers have made contributions to the problem.
. 6 Keller, following Einstein's approach, has focused attention on the Hamilton-Jacobi equation in cartesian eigenvalues through second order in the· ~ori:.:s~~arab.le perturbation V--Sections II and IV below show how it·can:be 'Carried out efficiently to infinite order, i.e., exactly. Section II first considers the case of a harmonic reference potential, and Section III presents a numerical example to demonstrate how the theory can be applied.
Section IV then shows how the approach can be generalized to treat systems .with a general (anharmonic) reference potential. The resulting procedure appears to be a powerful and accurate way of constructing semiclassical eigenvalues for non-separable multidimensional systems.
Section V concludes by discussing how the approach relates to some of the other recent work discussed above. . 1 1 and in this section it will be assumed that the individual onedimensional potentials v.(x.) are harmonic:
The potential V(x) is non-separable, the feature which precludes an exact analytic solution to the problem. Following Born's 5 formulation, one changes from cartesian
. bl 14 coor 1nates an momenta p,x to t e act1on-ang e var1a es in terms of n. and q., but the expressions would be different
In terms of the action-angle variables (n,q) the Hamiltonian of Eq.· (2.1) becomes
and for the present harmonic case H 0 is given by
wh~re one should note that units are being used for which h = 1.
V(q,n) depends on nand q through Eq. (2.4a); i.e.,
If the non-separable interaction V were absent, i.e., V = 0, then and that the eigenvalues will be given by
with the "good quantum numbers" {N.} required to be integral. where H(N) has been denoted by E(N). Eq. (2.12) is the Hamilton-
or t e generat1.ng unct1.on .
To solve Eq. (2.12) for F one first note~ the solution that would result if V were set to zero. In that case one would want the "new" action angle variables (N, Q) to be the same as the "old'' ones (n,q), and the generator.of such an identity transformation is 17
One can easily verify that Eq. (2.11) then gives N = n and Q q. is actually a function of N but this functionality will not be explicitly indicated.) Substituting this expansion into Eq.
-ik•q (2.16), multiplying bye --, and integrat~ng over the angles q gives
. 
The procedure, then, is to solve Eq. (2.21) for the coefficients Bk, and then substitute them into Eq. (2.22) to obtain the energy eigenvalue.
The.final formulae are most conveniently expressed if one introduces the coefficients ~ which are defined by
. '
1.
• q e --V(q,N-~ e--Bk,) one·< defines the iteration: scheme
• ,which is initiated by
After one iteration, for example, this gives (3.4) '. Table I illustrate this conclusion, the small differences in the semiclassical eigenvalues presumably being numerical error.
The semiclassical eigenvalues in Table I The function V (~) ·max given by Eq. (3.6) is also shown in Figure 1 , and one sees that the eigenvalues do tend to break off at this point.
The agreement between the semiclassical and quantum mechanical eigenvalues in Table II and Figure 1 is seen to be quite good. A more severe test of the semiclassical quantum condition, however, is to focus attention on the level shift 6, (3.7)
the displacement of the eigenvalue from its unperturbed harmonic
value. Figure 2 shows the percent error in the semiclassical level shift is a function of the non~separable strength parameter
The error is seen to be largest for the ground state, as expected, but even here it becomes sizeable only as the eigenvalue approaches the dissociation limit. The error is seen to drop substantially for the first two excited states, and one would expect it to be even less for higher states. As noted at the end of Section II, iterating Eq. (4.7a) by successive substitution will not always be a convergent process.
An iteration scheme with better convergence properties is described in the Appendix. Whether solutions exist under more general conditions is not known. In certain cases, typically for highly excited states with marty degrees of freedom, one actually expects that solutions will fail to exist, for here the eigenvalue spectrum is expected . 10 19 to become ~rregula~ ' unable to be characterized by a complete set of f "good" quantum numbers. Keller's formalism must also fail 11 in this case, too; e.g., Marcus' approach is not possible because manifolds of quasi-periodic trajectories do not exist in the case of an irregular spectrum. Thus none of the existing approaches to semiclassical quantization seem capable of dealing with an irregular spectrUJ!l. For highly excited vibrational states of large molecules. however, one is usually less concerned about specific eigenvalues than with the density of quantum states as a function of energy. To the extent that this is true, then, the lack of a semiclassical condition for irregular spectra is not a serious shortcoming. •:
Once the coefficients Bk are determined, the eigenvalue is the a These eigenvalues refer to the potential described in Section III. Table II and Figure 1 , and the quantity plotted is lOOXI(~H -~SC) I ~QMI, where ts is defined in Eq. (3.7) and QH = quantum mechanical, SC = semiclassical.
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